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Abstract

The problem of natural convection heat transfer from a horizontal fin array is theoretically formulated by treating the adjacent inter-
nal fins as two-fin enclosures. A conjugate analysis is carried out in which the mass, momentum and energy balance equations for the
fluid in the two-fin enclosure are solved together with the heat conduction equations in both the fins. The numerical solutions by using
alternating direction implicit (ADI) method yield steady state temperature and velocity fields in the fluid, and temperatures along the fins.
Each end fin of the array is exposed to limited enclosure on one side and to infinite fluid medium on the other side. Hence a separate
analysis is carried out for the problem of end fin exposed to infinite fluid medium with appropriate boundary conditions. From the
numerical results, the heat fluxes from the fins and the base of the two-fin enclosure, and the heat flux from the end fin are calculated.
Making use of the heat fluxes the total heat transfer rate and average heat transfer coefficient for a fin array are estimated. Heat transfer
by radiation is also considered in the analysis. The results obtained for a four-fin array are compared with the experimental data available
in literature, which show good agreement. Numerical results are obtained to study the effectiveness for different values of fin heights,
emissivities, number of fins in a fixed base, fin base temperature and fin spacing. The numerical results are subjected to non-linear regres-
sion and equations are obtained for heat fluxes from the two-fin enclosure and single fin as functions of Rayleigh number, aspect ratio
and fin emissivity. Also regression equations are obtained to readily calculate the average Nusselt number, heat transfer rate and effec-
tiveness for a fin array.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Extended surfaces, which are popularly known as fins,
are extensively used in air-cooled automobile engines and
in air-cooled aircraft engines. Fins are also used for the
cooling of computer processors, and other electronic
devices. Fins are used in the cooling of oil carrying pipe line
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which runs several hundreds of miles. Heat pipes are also
used along with fins to enhance cooling rate. In various
applications heat from the fins is dissipated by natural as
well as forced convection and radiation. It is observed that
radiation contributes up to 20% of the total heat dissipa-
tion. Fins are used as arrays in all the applications. The heat
transfer rates from fin arrays are found to be lower com-
pared to those predicted theoretically for the case of single
fin. The heat transfer rate from the fin array is found to
depend on the fin spacing.

There has been continuous research on improving the
efficiency of heat exchange systems using fins involving nat-
ural convection and forced convection. Early experimental
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Nomenclature

Ap area of the horizontal base plate, (BW), m?

Ar aspect ratio for two-fin enclosure, (H/S)

half the cross-sectional area of the fin, (1), m?

breadth of the horizontal base plate, m

specific heat, J kg~ K™

radiation shape factor

acceleration due to gravity, ms >

Grashof number, gB(Tyo — Ts)S? /v?

heat transfer coefficient, W m =2 K !

radiosity, W m >

thermal conductivity, Wm ™' K~!

height of the fin, m

characteristic length defined in Eq. (36)

fin parameter, kePSGr'/ Y(kywAy)

number of fins in the fin array

- oT* S 1

radiation parameter, G e Fomic}

pressure, Pascals

half-perimeter of the fin, (2t + W), m

Prandtl number, cpue/ke

heat flux, W m—2

normalized heat flux, ¢S/[k(Two — )G

heat transfer rate, W

Rayleigh number, gB(Ty.0 — Too)S>/(Vity)

Ra” modified Rayleigh number defined in Eq. (36),
gB(Tw0 — Too) L™/ (viery)

ZENRTSTOR mowA

¥z

=
+

20

S spacing between adjacent fins, m

g half-thickness of the fin, m

t time, s

i normalized time, (vitGr'/?)/S>

T temperature, K

T" normalized temperature, (T — Too)/(Tw.o — Two)

u velocity component in x-direction, m s~

u normalized velocity component in x-direction,
Su/(viGr'’?)

v velocity component in y-direction, ms™'

vt normalized velocity component in y-direction,
Sv/(veGr'/*)

w width of the fin (also that of base plate), m

X position coordinate along the fin measured from
the base of the fin, m

x" normalized position coordinate along the fin,

x/S

y position coordinate normal to the fin measured

yt normalized position coordinate normal to the

from the left fin, m
fin, yGr1/4/S

Greek symbols

o thermal diffusivity of fluid, (k/pc);, m?* s~

at Ot/ Ol

p isobaric coefficient or thermal expansion coeffi-
cient of fluid, K™

& emissivity

Y temperature ratio parameter, (7w — Too)/ T

U dynamic viscosity, kgm™'s
v kinematic viscosity, m? s~
0 density, kgm

b4 stream function

4 normalized stream function, ‘P/(vfGrl/ 4)
o

Stefan—Boltzman constant, (5.67 x 1073 W m ™2

K™%
4 vorticity function, s~
e normalized vorticity function, Szé/(vfGry 4)
Subscripts
1 fin in a two-fin enclosure
3 base in a two-fin enclosure
5 end fin defined in Eq. (26a)
B base of the fin array
B,0 base plate in the absence of fins
E end fins of the fin array
I internal fins of the fin array
C convection
f fluid
m average
r radiation
T total
w fin surface
w,0 base of the fin
o0 ambient medium

work on free convection in horizontal and vertical fin
arrays was conducted by Starner and McManus [1], Well-
ing and Wooldridge [2], Harahap and McManus [3], Jones
and Smith [4], Donvan and Roher [5], Van de pol and Tier-
ney [6], and Bar-Cohen [7]. Radiation heat transfer plays
an important role in heat transfer from fin arrays. Edwards
and Chaddock [8] showed that heat transfer by radiation
from cylindrical fins of surface emissivity of 0.99 accounted
to one-third of the total heat transfer. Chaddock [9] found
that heat transfer by radiation from polished aluminum

fins was 10-20% of total heat transfer. Sparrow and
Acharya [10] presented the article on a natural convection
fin with a solution—determined non-monotonically vary-
ing heat transfer coefficient. A conjugate conduction—
convection analysis has been made for a vertical plate fin
which exchanges heat with its fluid environment by natural
convection. They showed that the local heat transfer coef-
ficient decreased at first, attained a minimum and then
increased with increasing down stream distance. Saikhed-
kar and Sukhatme [11] observed that convective heat trans-
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fer increased and radiative heat transfer decreased with an
increase in the Grashoff number. Manzoor et al. [12] ana-
lyzed the heat lost from the fins by convection and radia-
tion through one-dimensional and 2D approach. Sparrow
and Vemuri [13] conducted experiments on highly popu-
lated horizontal pin fins fixed to a vertical base plate. They
showed that with fins, heat transfer increased by six times
more than the un-finned surface and radiation contribution
was 25-40% of the total heat loss. The same authors [14]
also studied the effect of orientation of the fin array and
heat transfer by radiation was estimated based on isother-
mal fins. Guglielmini et al. [15] conducted experiments on
staggered vertical fins and showed that heat transfer per-
formance of staggered vertical fins is superior to that
obtained from fins made up of U-shaped vertical channels
of the same bulk volume. Aihara et al. [16] conducted
experiments on pin fin arrays with a vertical base plate to
study the velocity distributions around pin fin. Radiation
was estimated based on the apparent emissivity concept
and a formula for apparent emissivity was also presented.
According to Zografos and Edward Sunderland [17] a
pin fin array performs better than a plate fin array under
the same conditions. Sunil Reddy and Sobhan [18] studied
the performance of a rectangular fin with a line source at
base. The interaction of natural convection with radiation
and conduction in a slot was numerically studied by Balaji
and Venkateshan [19]. Rao and Venkateshan [20] carried
out experiments on horizontal fin arrays. They showed that
much larger heat fluxes are in short fins than long fins. Fur-
ther the convective heat transfer increased linearly with fin
spacing, while the increase in radiation heat transfer
showed non-linear trend. Lina and Leela [21] applied the
second law to a pin fin array under cross flow, and
observed that an increase in the cross flow fluid velocity
would enhance the heat transfer rate and hence reduce
the heat transfer irreversibility. Abramzon [22] presented
a discussion on the estimation of radiation heat transfer
from rectangular fin arrays, where in radiation contributes
20% of the total heat transfer. Yuncu and Anbar [23] con-
ducted experiments by mounting different numbers of fins
on a heated horizontal base plate of width 250 mm. The
fin spacing decreased as the number of fins was increased.
They found that for a given base-to-ambient temperature
difference the convection heat transfer rate from arrays
reaches a maximum at a particular fin spacing and fin
height. de lieto Vollaro et al. [24] investigated on the opti-
mal configuration of rectangular, vertical fins mounted on
a plate. Baskaya et al. [25] solved the three-dimensional
elliptic governing equations for horizontal rectangular fin
arrays by finite volume based CFD code. They investigated
the effects of fin spacing, fin height, length and temperature
on performance of rectangular fin arrays. Guvenc and
Yuncu [26] carried out an experimental investigation on
performance of fin array and found that higher heat trans-
fer enhancement is obtained with vertically oriented base
than with horizontally oriented base for fin arrays of same
geometry. Chiu and Chen [27] used a Adomain‘s decompo-

sition procedure to determine the temperature distribution
within a convective, radiative longitudinal fin of variable
thermal conductivity subject to convection heat transfer.
Dayan et al. [28] carried out an experimental and analytical
study for a downward-facing hot fin array. They found that
the array length, fin spacing and surface temperature effect
the heat transfer coefficient mostly compared to the fin
height. They also showed that the optimal fin spacing var-
ies within a narrow range that depends primarily on the
length of the array. It can be observed that any two adja-
cent fins in a fin array form a rectangular enclosure. In this
context, a theoretical treatment of natural convection heat
transfer in enclosures is dealt with by some investigators
[29,30] for the cases of non-porous and porous media.
The appropriate mass, momentum and energy balance
equations for the fluid can be found in these papers.

A survey of literature reveals only a few theoretical stud-
ies on horizontal fin arrays. The theoretical study of
Baskaya et al. [25] on a horizontal fin array considers nat-
ural convection heat transfer only. The radiation mode of
heat transfer is not taken into account. Further the compu-
tational domain in their paper includes a single fin and half
of fin spacing (i.e., S/2), thus precluding the adjacent fin or
fins. The experimental study of Yuncu and Anbar [23] indi-
cates the effect of the adjacent fins on heat transfer. This
point is also revealed by the experimental data of Rao
and Venkateshan [20], who found that the heat transfer
rate from the end fins is higher compared to that from
the internal fins in a four-fin array. These observations
prompted the authors to consider the heat transfer to the
fluid in a limited enclosure from adjacent fins in a fin array,
and also to include radiation mode of heat transfer in their
analysis.

Hence the problem of natural convection heat transfer
from a horizontal fin array is theoretically tackled by treat-
ing the adjacent internal fins as two-fin enclosures. The
problem is formulated as a conjugate of convection in
the fluid in the enclosure and heat conduction in the fins,
and is solved by alternating direction implicit (ADI)
method. The case of heat transfer from the end fins is also
formulated and solved. From these numerical results the
total heat transfer rate from an N-fin array is estimated.
Heat transfer by radiation is also considered in the
analysis.

2. Physical model and formulation
2.1. Internal fins

The two adjacent internal fins having a common base
are shown in Fig. 1(a). The base is maintained at a constant
temperature Ty, and Ty, 0> Ts, Where T, is ambient air
temperature. The space between the fins is S. The height
and width of each fin are H and W respectively, and the
ratio (W/H) is by far greater than unity. The half-thickness
of the fin is fg. Heat is transferred from the fins and the
base to the ambient air by convection and radiation.
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Fig. 1. (a) Physical model of two-fin enclosure. (b) Different surfaces in
radiation enclosure.

2.2. Radiation heat transfer

Radiation exchange takes places between the lateral sur-
faces of fins, the horizontal base and the walls of the room
through the top and sides, which are open. For the purpose
of radiation heat transfer calculations, the left and right
fins and the base are numbered as 1, 2 and 3 respectively
as shown in Fig. 1(b). The top, front side and rear side
are considered as imaginary surfaces and are numbered 4,
5 and 6 respectively. The radiation passing through these
imaginary faces reaches the walls of the room, which is
maintained at temperature 7.,. The black body irradia-
tions of the left fin and base are E,, and E,; where
Ey =0Ty and Eyy = 0T . T, is the temperature of the
fin, and Ty, = Ty(x). The emissivities of the left fin and
the base are ¢; and e3 and the areas are A; and A3 respec-
tively, where A, = HW and A;= SW. The geometric
dimensions, properties and temperatures of the left and
right fins are identical. Hence Fy; = F%; for j = 1-6. Further
Ey = Ey, and J; = J,, where J; and J, are the radiosities.
For the imaginary surfaces 5 and 6, Fs; = Fg; for j = 1-6.
Epy = Eps = Evg =J4 = Js =Js = oT? . The shape factors
Fi, and F3; are computed using the equations available
in literature [31]. The shape factors of the remaining sur-
faces are calculated as follows. F3 = A3F31/Ay, Fia = Fia,
Fis=(1 — Fi2 — 2F)3)/2, Fss= (1 —2F5; — F34)/2. The
following equations can be written for the surfaces 1 and
3 in the radiation network.

Ey —J1 =851 —J3) + (S1a+2S15)(J1 — Eva)
Evz —J3 =2831(J3 —J1) + (S34 + 2835)(J3 — Eva)

where R; = (1 — &1)/e1; Ry = (1 — &3)/e3; S;; = R;Fy for any i
and j.

The following equations are obtained for J; and J3 from
the above equations.

J1 = (anbi + S13b2)/(anaxn — 2513531) 0
J3 = (28311 + anby)/(anan — 251383)

where ay = 1+ Sl3 + S14; ayy) = 1+ 2S31 + S34; b1 = Ebl +
S14Ev4; by = Evsy + S34Fpa.

The net radiation heat fluxes ¢, and ¢,3 from the fin and
the base are as given below.

4 = (Bt =J1)/R1 and g = (Eps —J3)/Rs (2)

2.3. Governing equations

The problem is formulated considering the two vertical
fins and the horizontal base together as a two-dimensional
enclosure. The two fins and the base are the left, right and
bottom boundaries of the enclosure respectively. The top,
which is open, is considered to be the fourth boundary.
The velocity and temperature fields in the two-fin enclosure
are governed by the mass, momentum and energy balance
equations for the fluid in conjugation with the one-dimen-
sional heat conduction equation for each fin, which are
given below. The radiation components of heat transfer
from the fins and the base together are incorporated as a
heat generation term in the energy balance equation for
the fluid in the enclosure. Thus the equations considered
are as follows.

Fluid medium

Ou v
4220 3
Ox + oy (3)
o fu, o
Pria T e Ty
op u  u
=———p1 =TT —+=— 4
Lol -pr-Tole (S5 5E) @
v v o op % %
pf<6—t+ua+va—y>——@+,uf(a—xz+a—yz (5)
or  or  ar o'T  OT "
prpf(E+ua+va—y> —kf<@+a—)/2>+q (6)
where
q" = (2WHg,, + SWq.3)/(SWH)
where ¢,; and ¢,3 are given by Eq. (2).
Heat conduction in left fin
oT,, o’T, P QT
PwCpw o e + Zkf@ - (7
Heat conduction in right fin
oT,, o’1T, P 0T
prpr =2 T Z f@ - (8)

where P and A,, are the half-perimeter and half cross-
sectional area of the fin respectively.

P=2tp+W and A, =1tW
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The u- and v-momentum balance equations, i.e., Eqgs. (4)
and (5) are coupled making use of vorticity {, which is
defined as follows:

ou Ov
- _ 9
£ 5 o ©)
The terms in Eq. (4) are differentiated with respect to y and
those in Eq. (5) are differentiated with respect to x. The
resulting equations are subtracted one from the other to
yield the following vorticity equation:

ot or . e\ . er L 0
Pf(&‘ﬂla‘f'va) = pigh o +.Uf<ax2+ay2 (10)

Thus the problem is governed by the energy balance and
vorticity equations, i.e., Egs. (6) and (10), and the heat con-
duction equations for fins, i.e., Egs. (7) and (8).

The stream function y is defined as

oy oy

_ __r 11
“=% U T (11)
The vorticity equation in terms of stream function is as
follows:
GRVANERY

e (12)

=t o

The stream functions ¥ can be evaluated using Eq. (12) if the
vorticities { are known. The velocity components u and v are
to be computed from the values of i through Eq. (11).

2.4. Boundary conditions

The boundary conditions at the left, right, bottom and
top boundaries of the enclosure are given below.

Left boundary (y = 0):

T = Ty = constant at x = 0 (fin base);
oT

e 0 at x = H (fin tip);

u=v=y=0for0<x<H
(13)

Right boundary (y = S):

T = Ty = constant at x = 0 (fin base);

or
— =0atx=H (fin tip);

u=v=yYy=0for0<x<H
Ox

(14)
Base or bottom boundary (x = 0):

u=v=y =0 and T =T,o=constantfor 0 <y < S
(15)
Top boundary at x = H:

The top boundary is open, or it is a case of no boundary.
Roache [32] described it as an “open flight case’” and sug-

gested the following conditions of velocity and temperature
to be prescribed on this boundary.

u oy or

T Ox

—a—§:C:0 and

0 (16)
A discussion on the above boundary condition is given in
Roache [32]. There also exist two more alternate conditions
that may be used at the top boundary instead of Eq. (16). A
discussion on these conditions at the top boundary and
their effect on the results is presented in Appendix A.

The values of vorticity { at the four boundaries are
derived making use of the relevant boundary conditions
following Roache [32] and are shown below.

2,
{p = l//y‘Azy for 0 < x < H (left fin) (17a)
’ (Ay)
2'%:57@7 . .
{|,.s =——5— for 0 <x < H (right fin) (17b)
' (Av)
oy = Wene o1 0 < y < S (base) (17c)
x=0 (Ax)z =X X
{y =0 for 0<y<S (top) (17d)

These boundary conditions for { are required for the solu-
tion of the vorticity equation. Thus the formulation of the
equations and specification of boundary conditions is
complete.

All the equations are normalized making use of the fol-
lowing dimensionless variables:

x Y 14 Ol 1
x+:§, y+:§Gr/, tJ’:?G}”/7
y Su 1 L Svo 1 . T—=Ty
oo GPVA oo G C Tao— T’
ol e S
v Grl/4’ or G4 o
TW*Too Ebl 4
7= YT g o TNt g
VT Tyo—Tw’ M T Tt 0Ty, +1),
4
E§3:(y+1)a E;:L:lv
+ qriS 1 + J,'
. = R J = —
n ki(Two — Two) Gr'/* " oTh

where i =1, 3 and 5. The following are the dimensionless
system parameters, namely M, the conduction—convection
ratio parameter, N, the radiation parameter, Ar, aspect
ratio and y, temperature ratio parameter.

kiPS . 14 SoT? 1
M=""0Gr'* Ng= =
kwAw " R kf(Tw,O - Too) Grl/‘“
H TWO_TZ)C
A = — Y= —1
R S7 V TX

The energy balance and vorticity equations for the fluid,
and heat conduction equations for the left and right fins
are shown below in normalized form making use of the
dimensionless variables and parameters mentioned above.
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oT+ Lt or+ Lot oT+
o T TV o
1/ 1 o1t o1t 1
=% (Grl/z 2 6y+2> +PrGr]/4 (2g%, + g3 /4R)
(18)
por'2ar, T, . or o)
ot ot Oxt+? oyt o
prGrlPory Ty | ort (20)
ot ot oxt2 ™ | s
+ + + T+ 1 2ot 2ot
%—Hﬁ%—“ﬁ%:a——'— 12552_’_@@2 (21)
Ot ) A N € e e

The equations defining vortcity and stream function in
normalized form are as follows:
1 62 + 62 +
= 12 v + v (22)
Gr Ox+2 ay+2
g W
oyt Oxt

(23)

The boundary conditions for the inner as well as end fins
are also written in normalized form, but are not shown here
to conserve space.

3. Method of solution

The procedure used to obtain the temperature and
velocity fields as follows. The temperature fields in the
two-fin enclosure and on the fins are obtained by the solu-
tion of the normalized energy balance equation for the
fluid, i.e., Eq. (18) in conjugation with the heat conduction
equations for fins, i.e., Egs. (19) and (20). Alternating
direction implicit (ADI) method [32] is used to solve the
energy balance equation for the fluid. By this method 7™,
the dimensionless temperatures in the fluid are updated in
x-direction in the first-half time (Ar'/2), and then in y-
direction in the second-half time (Ar"/2) by solving Eq.
(18). Egs. (19) and (20) are used in the ADI method to
update the normalized temperatures on the fins. Subse-
quently the dimensionless vorticities, (™ at all x™ and y*
are updated by solving Eq. (21) using ADI method. The
boundary conditions stated in Egs. (13)—(17) in normalized
form are used in the solution of the energy balance and
vorticity equations. The solution of these equations yields
T" and (" fields at all grid points in the enclosure at each
time step, Ar". Making use of (", normalized stream func-
tions /" are obtained by solving Eq. (22) by successive over
relaxation (SOR) method. The normalized velocity compo-
nents u" and v" at all x™ and y™ (i.e., at all grid points) are
calculated by solving Eq. (23). The procedure is continued
for successive time steps until steady temperature and
velocity fields are obtained at all grid points in the two-
fin enclosure.

3.1. Accuracy and convergence criteria

The results by ADI method are obtained choosing a
50 x 50 uniform grid size corresponding to x- and y-direc-
tions respectively. In case of larger S (greater than 20 mm)
and larger H (greater than 30 mm) the grid size is increased
by 10 on the respective side. It is observed that choosing a
sufficiently low time step (Ar") is important, particularly
during the initial stage when the temperatures on the fins
are developing. The following procedure is used to select
the time step Az". The ratios (Ax")?/2 and (Ay™)?/2 are cal-
culated. The minimum of these two (Af" )i is taken, and
At" is fixed at one-tenth of (Af")min. A grid-independence
test is conducted. Also an independence test is conducted
on the value of Ar". In computation of the normalized
stream functions by successive over relaxation (SOR)
method, the values of /* are improved by means of succes-
sive iterations till convergence is obtained within an allow-
able error equal to 107%. The error is defined as the
absolute value of (w;(”“) - w;(”)) / ‘//;W’ where the super-
scripts n and (n + 1) refer to iteration numbers, and 7 and j
are the grid numbers in x and y directions respectively.

3.2. Heat transfer rate from inner fins and the base

The heat fluxes in dimensionless notation from the left
fin and base are given by the following equations:

1 /| ort (Ef —J7)
to e Sl B WA S 24a
4 AR /0 [ ay+ y+=0 K Rl ( )
1o 1 or* (E—J1)
U __ N b3 3 d +
= g /0 [ G|, + R | Y
(24b)

where E{; and Ey; are the black body irradiations in dimen-
sionless form. E;, = (375, + )" and Ef, = (v + 1)*. T},
is the normalized fin temperature, which is a function of
X y is the temperature ratio parameter. Jl+ and J; are
the radiosities in normalized form. The radiosities are to
be calculated using the expressions given in Eq. (1). The
first and second terms in the above integrals represent the
convection and radiation components of the heat fluxes
in normalized form. The heat transfer fluxes ¢, and ¢; from

the fin and the base are given by the following equations:
g1 = Gr'*k(Tyo — Too)g /S (25a)
¢y = Gr'*k(Tyo — Too)gi /S (25b)

It may be noted that ¢, refers to the heat flux from one face
of the fin (either left or right) of thickness ¢f.

3.3. Heat transfer from the end fins

A separate analysis is carried out to obtain the heat
transfer rate from both the end (or, external) fins. This
model consists of a fin exposed to an infinite medium of
air, which is maintained at a constant temperature 7.
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In order to use the ADI method, it is considered to be an
imaginary enclosure, in which the right boundary is an out-
flow boundary. Hence u = g—lv = % = { = 0. However care is
taken in choosing the value of S, which now represents the
thickness of the boundary layer. Runs are obtained with
S=10, 15 and 20 mm and it is verified that the results
do not depend on the value of S. The left boundary, is
the fin and hence the boundary condition is the same as
Eq. (13). The right boundary is outflow. The same bound-
ary conditions are prescribed at the top boundary as in Eq.
(16). For the bottom boundary u=v =y =0 and %—i =0.

At the bottom (| _, = 2('/2;%‘ and at the top (|,_, = %.

The temperatures and vorticities are obtained by solving
the energy balance and vorticity equations, Egs. (18) and
(21) using ADI method subject to the boundary conditions
for the end fin. Eq. (19) is used to update the temperatures
on the fin. The stream functions and velocities are updated
with the aid of Egs. (22) and (23). This procedure is contin-
ued at successive time steps until steady state temperature
and vorticites are obtained at all grid points.

The dimensionless heat flux from the end fin ¢7 is given
by the following equation in normalized form:

L1 AR[ or*
5

=+ blNR{(’/T\J; —+ 1)4 — 1} d)C+

q

CAx S | e,
(26a)
where ¢5 = ¢;.
The heat flux from the end fin is given by
qs = Gr'ke(Tyo — To)ge /S (26b)

Here also it may be noted that g5 refers to the heat flux
from the outer face of the end fin (either first or the last
in the array) of half-thickness #.

The heat fluxes ¢;, g3 and g5 for the two-fin enclosure
and single fin are computed from the numerical results
using Eqs. (24)—(26) respectively. These are further used
to calculate the total heat transfer rate, Qt, the average
Nusselt number, Nu,, and effectiveness, E for a fin array
containing N fins by the procedure outlined below.

4. Total heat transfer rate from a fin array, Qr

The breadth of the horizontal base plate, on which the
fins are vertically mounted, is given by

B=(N—1)S+2Ntg (27)

where B is the breadth of the plate and N is the number of
fins.

The heat transfer rates from the inner fins of the array
(Qy), the base of the fin array (Qg) and the two end fins

(Qg) are given by

O, =2(N —2)H(W + 2tr)q, (28)
Op = (B — 2Ntg) Wg, (29)
Op = 2H(W + 2tr)(q, +g5) (30)

QOr, the total heat transfer rate from the fin array is given
by

QT:QI+QB+QE (31)

4.1. Average Nusselt number for the fin array, Nu,,

Total heat transfer area for the N-fin array is given by
A = (B — 2Ntg)W + 2NH (W + 2tr) (32)

The average heat transfer coefficient, 4, for the N-fin array
for combined convection and radiation is defined by the
following equation:

hypy=——"-——
Ar(Two — Tw)

The average Nusselt number for the N-fin array is defined
as

Nit, = hwS [kg (34)

4.2. Effectiveness of the fin array, E

The effectiveness of the fin array is defined as the ratio of
heat transfer with fins to that without fins over the same
area of the base plate of breadth B and width W. The area
of the base plate is given by

Ay = BW (35)

Og, the heat transfer rate from the base plate in the ab-
sence of fins is calculated as follows. The Nusselt number
for natural convection heat transfer from the horizontal
plate is calculated using the equation available in literature
[31] as follows:
hgoL*
kg

where Ra* = gf(Ty.0 — Too)L**/(viey) and L* = Ap/{2(B+
W)}. The equation shown above is valid in the range
10* < Ra* < 10”.

Og o, the heat transfer rate from the horizontal plate by
convection and radiation is

Opo = Al o(Two — To) +e30(Ty, 0 — T3] (37)
Thus the effectiveness of the fin array is

E= QT/QB,O (38)

= 0.54Ra™* (36)

5. Results and discussion

Validation of the present theoretical model is made by a
comparison with the experimental data of four different
references available in literature. Experimental data of
Rao and Venkateshan [20] for a four-fin array are shown
in Fig. 2 for two different fin emissivities, viz., & = 0.05
and & = 0.85. The experimental data of Jones and Smith
[4] are also shown in Fig. 2. Numerical results are obtained
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Fig. 2. Comparison of the present theoretical results with the experimen-
tal data.

for S =10, 15, 20 and 25 mm, for H = 30 and 70 mm, for
g =0.05, 0.15 and 0.85, and for T, =60, 70, 80, 90
and 104 °C. The properties and other data used are as
follows: k,=205Wm 'K™', & =0.85 #=0.75mm,
W= 50mm, T, =31 °C. Average Nusselt numbers for a
four-fin array (N =4) are computed using Egs. (28)—(34).
Since there are a good number of theoretical points, the
points are not shown to avoid cluster and only the lines
passing through the points are shown. It is observed from
Fig. 2 that at low fin emissivities, i.e., at ¢; = 0.05 and 0.15
the numerical results agree well with Jones and Smith [4].
At low fin heights (H = 30 mm) and high emissivities such
as ¢ = 0.85 the numerical results from the present theory
agree well with Rao and Venkateshan [20]. The average
Nusselt numbers computed from the present theory show
the same orders of magnitude as the experimental data
shown in Fig. 2. The contributions of the inner fins, total
base and end fins to the total heat transfer is examined
from the computer run for H =70 mm, T, o= 108.4°C,
S=25mm, ¢ =& =¢5=0.85. It is observed from the

Table 1

numerical results that these contributions are 7.74 W
(36.0%), 2.90 W (13.5%) and 10.97 W (50.5%) respectively.
These results are sufficiently close to the experimental
observations of Rao and Venkateshan [20].

Certain representative numerical results are presented in
Table 1, which illustrate the effect of fin spacing (S) on heat
transfer fluxes in a two-fin enclosure and on heat transfer
rates from a fin array. The heat fluxes from fin (¢;) and that
from base (¢3) are obtained from the numerical solution of
the equations for a two-fin enclosure. The heat flux from
end fin (¢s) is obtained from the analysis for a single fin.
Making use of these values of ¢, g3 and ¢s, the heat flow
rates O (internal fins), Qp (base) and Qg (end fins) for a
fin array are calculated using Eqgs. (28)—(30). The values of
Ot (total heat transfer rate), 4, (mean heat transfer coeffi-
cient) and E (effectiveness) are calculated from Egs. (31),
(33) and (38) respectively. The values of the fin spacing
(S) are selected in such a way that all results presented in
Table 1 are for a fin array base of the same breadth, i.e.,
B =66 mm. This facilitates comparison of performance of
arrays of different number of fins over a fixed base. It can
be observed that with an increase in the number of fins from
4 to 16 the value of S decreases from 20 to 2.8 mm. The heat
fluxes from fin (g;) and that from base (¢3) decrease from
149 to 44 W m 2, and from 379 to 148 W m ™ respectively.
Even though the number of fins is increased from 4 to 16,
the heat transfer rate and effectiveness do not change appre-
ciably. However there is sharp decrease in the average heat
transfer coefficient of the fin array (4,) from 5.29 to
1.48Wm 2K

Yuncu and Anbar [23] obtained experimental data for a
fin array to study the effect of increasing the number of fins
on heat transfer rate from internal fins, i.e., Oy, which is
defined in Eq. (28). It can be observed from Eq. (27) that
for a fixed base (B), as the number of fins increases, the
fin spacing decreases. The experimental data of Yuncu
and Anbar [23] are shown plotted in Fig. 3. They found
that as the number of fins on a horizontal plate is
increased, Qy increased and reached a maximum. However
when the number of fins is increased further, the fin spacing
becomes very low, and Qj starts decreasing. A comparison
with the experimental observation of Yuncu and Anbar
[23] is shown in Fig. 3. Numerical results are obtained
for this purpose for a fin array with a base of 250 mm

(1) Effect of fin spacing S on heat fluxes ¢, and g3 for a two-fin enclosure, and (ii) effect of number of fins on Qr, E and /,, for fin-array for B = 66 mm

Two-fin enclosure, Qs = 253 W m >

Fin array, B = 66 mm, (Qgo/Ap) =255 W m™2,
S=(B—2Ntp)/(N - 1)

S, mm Ra q1, W m2 q3, W m2 N Or, W E fn, Wm 2 K
H=30mm, Ty o="70°C, tr =0.75 mm
20.0 20,371 149 379 4 3.24 3.84 5.29
11.4 3773 96 214 6 2.83 3.35 3.31
7.7 1163 71 194 8 2.78 3.30 2.54
4.4 217 55 168 12 2.98 3.50 1.89
2.8 56 44 148 16 3.04 3.61 1.48
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Fig. 3. Heat transfer from internal fins in a fin array—effect of increasing
the number of fins on Q.

and 8 fins mounted on it. The number of fins on the same
base is increased to 14, 27, 41 and 55, and results are
obtained for each case. Computer results are obtained for
the two-fin enclosure with each value of S. The common
parameters chosen are: H=26mm, T, = 100°C,
W=100mm, fz=15mm, 7T, =31°C and & =0.85.
Since the emissivity of fin in the experiment of Yuncu
and Anbar [23] is not mentioned in their paper, numerical
results are obtained for two-fin emissivities, viz., &g = 0.15
and 0.85. From the results for each S, the effectiveness is
calculated using Egs. (27)—(38). The results are shown in
Fig. 3 for Q; as a function of S. It is observed that with
a decrease in fin spacing, there is an increase in Qy, which
is due to the increase in the number of fins and a corre-
sponding increase in the heat transfer area provided by fins.
However when the number of fins is increased beyond a
certain value (say 41), a decrease in Q; is observed due to
very low value of S. The reason for this decrease may be
attributed to excessive heating of the fluid in the fin enclo-
sure resulting in a decreased thermal potential. It can be
observed from Fig. 3 that the data of Yuncu and Anbar
[23] between the numerical results for ¢; = 0.15 and 0.85.
Starner and McManus, Jr. [1] reported experimental
results with H =127 mm, W =254 mm, tr=0.508 mm,
S =6.35mm and N = 17. Their calculations consider con-
vection only, thus precluding any radiation heat transfer.
Numerical results are obtained for three values of T, o such
as 86, 126 and 196 °C. For these three values of T\, the
average convection heat transfer coefficients (viz., exclud-
ing radiation heat flux) are calculated, which are 2.3, 2.5
and 29 Wm 2K™! respectively. For the values of the
above system parameters, Starner and McManus, Jr. [1]

reported the experimental average heat transfer coefficients
as 1.59, 2.27 and 2.83 Wm 2 K ! respectively.

Fig. 4 and Table 2 show the effects of fin base tempera-
ture (7, o), fin spacing (S) and fin height (H) on total heat
transfer rate (Qt) and effectiveness (E) of fin array. Fig. 4
indicates that Qr increases as Ty, o increases for all S and
H. However at a low value of S, i.e., at S = 5 mm, the effec-
tiveness (E) is found to decrease with an increases in Ty, .
This is due to the fact that at a low value of S the rate of
increase in Qr with an increase in Ty, is less compared
to the increase in Qg with an increase in Ty . Qg 1S
the heat flow rate from the base in the absence of fins. In
Table 2, the values Qr and E are shown as functions of
Two and S. Table 2 also shows the values of Qj, Op and
Ok as functions of Ty, o and S. Fig. 4 shows a clear increase
in both Ot and E with an increase in the fin height (H). The
increase in Qr and E with an increase in H is due to the
increase in the heat transfer rate from both the internal
and end fins (Qy and Qg), as can be observed from Table 2.

The half-thickness of fin (¢g) and the thermal conductiv-
ity of the fin material (k,,) appear in the fin parameter (M),
which is also called as convection-to-conduction ratio
parameter. As M tends to zero the fin tends to an isother-
mal plate. Hence the heat transfer rate from the fin
increases, as the value of M decreases. Numerical results
are obtained to study the effect of thickness of fin on
the heat flux from the fin (¢;). Computer runs for the
case of a two-fin enclosure are obtained at S =20 mm,
Tyo=70°C, ky=205Wm 'K ' and H=30mm. It is
observed that for values of 7 equal to 0.75 and 3.0 mm,
the values of ¢, are 148.6 and 150.6 W m > respectively,
thus indicating negligible change only in ¢; due to low
height and high thermal conductivity of the fin. However

10 6
£ ) H=30mm. S=20mm — QT |
£ [ W H=30mm, S=3mm — — EFF |
O{? 8§ - A H=70mm, S=20mm -5
I 1 o
g -
s | § ::%
g of 143
= o
=) [ 1 %
= r 1 2
2 | 1. B
s 4r 43 =
by r 1 2
s | m
=
A 12
: | e
e T A T AN B S S

40 50 60 70 80 90 100 110

Base temperature of the fin array, Ty, °C
Fig. 4. Effect of base temperature on total heat transfer rate (Q1) and

effectiveness (E) of a four-fin array.
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Table 2
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Effects of fin base temperature (7, ), fin spacing (S) and fin height (H) on (i) heat fluxes in a two-fin enclosure, and (ii) total heat transfer rate (Qt) and

effectiveness (E) of fin array

Two °C Two-fin enclosure Four-fin array
qi, Wm™> g3 Wm™> gs, Wm™> O, W Op, W Or, W Or, W E

H=30mm, S =20 mm

50 53 57 99 0.32 0.17 0.46 0.95 2.53

80 187 239 318 1.12 0.72 1.51 3.35 3.02
104 316 413 516 1.90 1.24 2.50 5.64 3.04
H=30mm, S=5mm

50 22 4.50 111 0.14 0.01 0.40 0.55 1.48

80 64 13.4 319 0.38 0.04 1.15 1.57 1.41
104 102 224 505 0.61 0.07 1.82 2.50 1.35
H=70mm, S=20mm

50 34 17 79 0.48 0.05 0.79 1.32 3.56

80 136 82 251 1.90 0.25 2.71 4.86 4.37
104 239 141 405 3.34 0.42 4.51 8.27 4.46

at a higher value of H, i.e., at H =70 mm and 7 = 3.0 mm,
with the other parameters remaining the same, ¢; is found
to be 101.2 W m 2. The effect of k, the thermal conductiv-
ity of the fin is also studied. The fin heat flux,
1 =1384Wm? at ky=40Wm "K', /z=0.75mm
and H = 30 mm, with the other parameters remaining as
stated above. Thus the fin effect (i.e., decrease in ¢) is
found with a decrease in k,, even for shorter fins. An
increase in emissivity of the fin material from 0.05 to 0.85
increases the radiation component of heat transfer from
the fin, thus resulting in an increase in the total heat trans-
fer rate from the fin by convection and radiation.

An important outcome of the present theoretical inves-
tigation is that it provides the temperatures and velocities
at all positions in the enclosure, from which the nature of
their variation in the enclosure can be known for different
choices of the system parameters. As an example, the effect
of the fin spacing on the temperature and velocity profiles
of the fluid in the two-fin enclosure are shown in Figs. 5
and 6 respectively. The results shown in these figures corre-
spond to H =70 mm and 7, o = 104 °C. In each figure the
profiles are shown for two values of fin spacing, namely for
S =10 mm and S = 25 mm by continuous and broken lines
respectively. For each S the profiles are shown at three
different heights, viz., x=H/4, x=H/2 and x=H. A
comparison of the temperature profiles in Fig. 5 at
S =10 mm and at S =25 mm indicates that the tempera-
ture far away from the fins (or near y = S/2) is lower at
S =25mm compared to that at S= 10 mm. However it
can be found from Fig. 6 that there is a greater recircula-
tion of the fluid at larger S, resulting in at higher velocities
near the wall and lower velocities at mid-spacing (y = S/2).

Isotherms and streamlines are shown in Fig. 7 from
computer results obtained at H=70mm and T,,=
104 °C for two different values of fin spacing, S, viz.,
S=10mm and 25 mm. The sub-figures (a) and (b) in
Fig. 7 show isotherms in the two-fin enclosure for S = 10
and 25 mm respectively. The vertical axes on the left and

1.0
1
2
© 0.3 _\\ H =70 mm /4
£ i \\ \ T, ,=104°C //
= i :
g 06 L \\ —— 5=10mm /f/
_E ’ i \\ — — $=25nmm //
S 04t \
g I
A I / 1-atx=HA
w020 \ / 2-atx=H72
i \ 3 /  3-atx=H
i 3
0.0|||.I||.|\“|—_LL_.-|<|.I*|||
0.0 0.2 04 0.6 0.8 1.0

(y/S), Dimensionless distance from left fin

Fig. 5. Temperature profiles for fluid in two-fin enclosure—effect of fin
spacing.

right of the enclosure represent the left and right fins
respectively. The horizontal axis at the bottom represents
the fin base. The isotherms in the sub-figures (a) as well
as (b) are shown at 13 different values of dimensionless
temperature, Vviz., Tt =10.02, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5,
0.6, 0.7, 0.8, 0.9, 0.95 and 0.98. In Fig. 7(a), the first and
third isotherms counted from the bottom, at 7" = 0.98
and 0.90 respectively are shown by arrows. A comparison
of sub-figures (a) and (b) indicates that at S = 10 mm the
temperature of air in the middle of the enclosure is heated
to a high temperature, and at S =25 mm the heating is
confined to the air near the fins and base only. This fact
can be observed from a comparison of the isotherms for
T" = 0.4 through 0.9 in sub-figures (a) and (b) of Fig. 7.
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Fig. 6. Velocity profiles for fluid in two-fin enclosure at different heights—
effect of fin spacing.

(a) Isotherms for S=10mm

sy Y

(¢) Streamlines for S=10 mm
for ¢ = —0.257to+ 0257

These isotherms are nearer to the top of the enclosure in
sub-figure (a), while they lic near to the bottom or base
in sub-figure (b).

The streamlines for S = 10 and 25 mm are shown in the
sub-figures (c) and (d) of Fig. 7 respectively. It is found that
for S=10mm, ¢ varies from —0.257 to +0.257. When
S=25mm, ¢ lies between —2.0 and +2.0. Streamlines
are shown in sub-figure (c) for 13 selected values of —¢™
and another 13 values of +¢*. These values of ¢ are
picked as (—aq/ ) and (ag/,), for a =0.02, 0.05, 0.1,
0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.95, and 0.98, where
¢! =0.257. In sub-figure (d) also the values of o are
selected in the same way for ¢ . = 2.0. It can be observed
that the streamlines in the left and right halves are almost
symmetric. However ¢ is positive in the left half, while
it is negative in the right half of the enclosure. It can be
found from either of these sub-figures that the streamlines
travel upwards along the left and right walls or fins, where
the temperature is high compared that of the air in the
enclosure. When S =25 mm, recirculation of air in the
middle of the enclosure can be found, which is shown in
the sub-figure (d) of Fig. 7.

—_—
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=)

(b) Isotherms for S=25mm

| A

\

—]

oy

(d) Streamlines for S=25mm
for ¢ = -2.0to+2.0

Fig. 7. Isotherms and streamlines for the fluid in the two-fin enclosure at # = 70 mm, and 7Ty, o = 104 °C—eflect of fin spacing for S = 10 and 25 mm.
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Fig. 8. Velocity profiles for end fin at different heights in the enclosure
§'=10mm and S =25 mm.

The velocity profiles for the case of the single fin (end
fin) exposed to large ambient medium are shown in
Fig. 8 for two values of fin spacing, i.e., for S =10 mm
(continuous lines) and for S = 25 mm (broken lines).

5.1. Regression equations

The usefulness of the heat fluxes ¢;, g3 and g5 is evident
that they can be used to calculate QOr, Nu,, and E for a fin
array. Hence the following equations are obtained for ¢,
¢3 and ¢s as functions of system parameters by performing
non-linear regression on the numerical results.

0.4 0.022
¢S _ (S 1 +e¢
kf(Tw‘() - Toc) B 0047Ra <H) (1 +NR (39)
1.32 0.087
;S oss( S 1+
—= = 10.023R — 4
k(T — T) 0.023Ra <H) (1 T Ng (40)
0.29 0.42
45 gspa (S Lte (41)
kt(Two — Tox) H [+ Ng

Egs. (39)—(41) predict the numerical results within a stan-
dard deviation of £6.1% for the range of parameters:
10<S<25mm, 60 < Tyo<104°C, 30 < H<70mm,
2300 < Ra < 60,000, 0.05 < & <0.85, and 0.3 < Ng < 1.
Also from the numerical results, the values of Ot, Nuy,
and E are generated for different sets of fins such as
N =4, 8, 16 and 32 making use of Egs. (31), (34) and
(38). Using these values regression equations are obtained
for heat transfer rate, average Nusselt number and effective-
ness for an N-fin array.

S 0.4 1 0.1
Nitg, = 0.102Ra* (ﬁ) <1++;‘R) N0 (42)

G\ 04 /] g\ 06
E = 0.022Ra"3( 2 ta NO9 (43)
H 1 + Ng
Since Nuy, = %, Eq. (42) can be used to obtain Ot as

well. Egs. (42) and (43) agree with the numerical results
within a standard deviation of +3.3% for the range of
parameters mentioned above.

6. Conclusions

1. A theoretical model is postulated to tackle the problem
of heat transfer from a horizontal fin array. According
to the model, the fin array is assumed to be formed by
joining successive two-fin enclosures. The problem for
the case of a two-fin enclosure is theoretically formu-
lated and solved considering heat transfer by natural
convection and radiation. The problem for the case of
a single fin is also formulated and solved to account
for the heat loss from end fins in the array.

2. Making use of the numerical results for the two-fin
enclosure and those for the single fin, a procedure is out-
lined to assess the total heat transfer rate, average Nus-
selt number and effectiveness for a fin array. The effect
of the system parameters, such as fin spacing, number
of fins, fin height, fin base temperature is studied on
the total heat transfer from the fin array.

3. A comparison with the experimental data existing in lit-
erature indicates satisfactory agreement.

4. Numerical results are presented in the figures and tables
for the heat fluxes from the fin and base (¢; and ¢3) in
the two-fin enclosure, and the heat transfer rates from
internal fins (Qy), base (Qp) and end fins (Qg) as func-
tions of the system parameters such as Ty, S and H.

5. Regression equations are presented from the numerical
results for the heat fluxes from inner fin and base in
the two-fin enclosure and for the heat flux from the
end fin. Also regression equations are obtained for the
average Nusselt number of the fin array as functions
of system parameters.

Appendix A
A.1. Effect of the condition prescribed at top boundary

A topic of theoretical interest, viz., the effect of the con-
dition prescribed at the top boundary on the numerical
results is discussed. The top boundary is open or it can
be said that there is no top boundary. However as per
the requirement in ADI method values have to be pre-
scribed for velocities and temperatures or their first deriva-
tives at the top boundary also on par with the other
boundaries. The conditions chosen in the present analysis
are given in Eq. (16). In Eq. (16) the temperature derivative
is set equal to zero. As another possibility, one can pre-
scribe the temperature at 7., the ambient temperature,
as shown below.



V.D. Rao et al. | International Journal of Heat and Mass Transfer 49 (2006) 3379-3391 3391

ou oY
v ox  Ox ¢ an
Further in Eq. (16) the velocity component u is not made
zero, and hence Ou/0x = 0 from the equation of continuity.
The following two possible conditions emanate, if the con-
dition that u = 0 is used at the top boundary.

(16a)

u=v=yY =0, and
u=v=1y =0,

(16b)
(16c)

oT
—=0for0<y<S
Ox
and T=T,for0<y<S

The boundary conditions given by Eqs. (16b) and (16c)
were used in literature for the cases of both open and closed
top boundaries. Numerical results are obtained making use
of the above three conditions also, but are not shown here
to conserve space. It is observed that slightly higher Nusselt
numbers are obtained particularly at low values of S with
the boundary condition given by Eq. (16a) compared to
the results obtained using Eq. (16). An optimum fin spacing
does not appear if the condition of 7'= T, from Eq. (16a)
is implemented at the top boundary.
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